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SUMMARY

The baseline numerical procedure of interest in this study combines flux vector splitting, flux difference splitting
and an explicit treatment of the diffusion terms of the flow equations. The viscous terms are treated explicitly to
preserve the wave propagation properties of the Euler fluxes and permit splitting. The experience with this scheme
has been limited to laminar or, at best, ‘eddy viscosity’ flows. In this paper the applicability of the scheme is
extended to include the calculation of turbulent Reynolds stresses in supersonic flows. The schemes and our
implementation are discussed. Both laminar and turbulence subsets of the Reynolds/Favre-averaged equations are
tested, with a discussion of relative performance. The test problem for turbulence consists of a zero-pressure-
gradient supersonic boundary layer as well as a supersonic boundary layer experiencing the combined effects of
adverse pressure gradient, bulk compression and a concave streamline curvature. Excellent agreement with
experimental measurements is observed for most of the quantities compared, which suggests that the numerical
procedures presented in this paper are potentially very useful.
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1. INTRODUCTION

Our studies have the ultimate goal of producing a programme which can be used to generate reliable
engineering design data for realistic aerodynamic (supersonic and hypersonic) systems. We also want
numerical calculations that could be used for some fundamental studies of turbulence.

Most engineering fluid dynamic problems involve turbulent flows and it seems that modelling of the
turbulence is a feasible way to attack the analysis. However, in the hierarchy of turbulence models it
appears that the simplest models that have any chance of dealing with realistic engineering problems
are those based on second-moment closures.! Lower-order models have serious defects that preclude
them from consideration for all but the simplest systems. For instance, zero-equation models such as
the Baldwin-Lomax? model are seriously limited by the near-wall formulation, while two-equation
models such as k—¢ or k—w are based on assumptions which, among other things, prevent accurate
simulation of flows with significant normal stresses.> Second-moment caiculations can provide
engineering design data as well as data that could be used for more fundamental studies of some
aspects of turbulence.

It is well known that turbulence models, including those based on second-moment closures, have not
always performed well. Another complicating factor is the choice of numerical method, for which there
are multitudes of options with varying degrees of efficiency. In the rest of this section we will discuss
some of these schemes, pointing out their strengths and weaknesses. We will conclude the section with
a discussion of the baseline scheme upon which our work is based.
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Options for calculating the equations of interest in this work include the flux-difference-splitting
(FDS) schemes such as those of Roe,* Harten and Lax® and Rusanov,S the flux-vector-splitting (FVS)
schemes’® as well as central difference schemes.”!? Of these, Roe’s method has been shown to be the
most accurate and the one that gives the sharpest shock resolution.!! From the comparison exercise,'!
one-fifth to one-half as many points were required to resolve a shear layer using Roe’s fluxes in a first-
order scheme compared with using other fluxes in second- or even third-order schemes. This would
seem to be quite important especially in three-dimensional flows, where a large pay-off might be
gained by the use of fewer points. However, all three schemes have defects. The basic Roe scheme
could produce entropy-violating solutions'? and has a slower convergence compared with FVS.13 FVS
tends to be too diffusive,!> while the central difference schemes usually involve the explicit addition of
dissipation,”!® with the attendant issue of ‘how much is enough at a location’. Further, in current
implementation none of the procedures performs well when shocks are not aligned normally to cell
surfaces. !4

Another potential candidate for use with high-speed flow simulation is the Gauss—Seidel method of
MacCormack.' This is a line method with a Gauss—Seidel treatment of ‘out-of-line’ terms. When
applied to the two-dimensional Navier-Stokes equations for steady state transonic cascade flow, very
impressive performance was reported:'> 50 time steps to reach convergence, with CFL values as high
as 108, Unfortunately, extension of the cascade problem to three dimensions met with severe numerical
convergence difficulties.!> Moreover, MacCormack'> observed that a three-dimensional algorithm that
worked (for the cascade problem) is approximately twice as expensive as an approximate factorization
scheme and it is not clear that this algorithm will work for general three-dimensional flows.

Other options of numerical methods include the diagonalized alternating direction implicit methods,
with and without approximate factorization or multigrid'®'8, and the diagonally inverted LU implicit
multigrid scheme.'*?? In one implementation of this approach the time-linearized implicit operator is
approximated as the product of three one-dimensional factors, each of which is diagonalized by a local
similarity transformation. Thus only a decoupled system of scalar pentadiagonal equations need be
solved along each line. This approach is believed to have good high-wave-number damping, making it
a suitable algorithm for smoothening in multigrid approaches. Yokota?® has applied this method to
solve the Reynolds-averaged equations using the k—¢ method. The method appears promising. In fact,
the k—e equations involve a simple 2 x 2 matrix system which can be inverted algebraically using the
similarity transformation approach. However, in our opinion one disadvantage of this approach relative
to flux splitting (Roe or Steger-Warming) is the explicit addition of dissipation terms. A blend is used:
fourth-difference terms to prevent odd—even decoupling and second-difference terms to stabilize the
calculations near shocks. A procedure to determine the optimum amount of dissipation for a variety of
situations would be desirable.

HOPE and AUSM?* are two new options of numerical methods, of which AUSM is more promising
from the standpoint of non-entropy violation, accuracy, computational efficiency, simplicity and the
ability to give good results when shocks are not aligned normally to cell surfaces. From their studies,
Liou and Steffen?* seem to have understood the cause of the diffusion error that is present in van Leer’s
method as well as the non-physical entropy-violating solutions that have been observed with the basic
Roe method. Using a splitting of the advective velocity component, AUSM is formulated to take care
of these problems, giving high accuracy with reduced complexity and computational effort and an
efficiency that rivals FVS. As an example, AUSM does not exhibit the so-called carbuncle
phenomenon that has been observed when e.g. the basic Roe scheme is used to calculate supersonic
flows over circular cylinders.'> However, AUSM is not yet well established.

For very-high-order calculations the essentially non-oscillatory (ENO) schemes®® come to mind.
These are extensions of the Godunov scheme in which high accuracy is obtained by using a large
stencil and a ‘reconstruction’ process that employs cell-averaged values in the stencil. Discretization
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across discontinuities (and hence the Gibbs phenomenon) is inhibited by choosing the stencil
adaptively from the smooth part of the flow. There are several variations of the ENO procedure, one of
which works directly on the fluxes rather than the cell averages and uses a special class of TVD high-
order Runge—Kutta scheme for time integration.2® The high accuracy of ENO scheme makes them of
interest in direct numerical simulation (DNS) of turbulence, where comparisons with the traditional
spectral method have shown excellent agreement.”® The so-called compact (Padé approximant)
procedures are also useful in this regard.?” However, the ENO and compact schemes tend to be very
expensive.

For the present studies we are interested in an implicit, finite volume, LU procedure in which FVS
and FDS are combined!? to utilize the best of these two common methods: faster convergence in the
case of FVS and more accurate results and sharp resolution of shocks in the case of FDS. Calculations
based on this scheme have been observed to give good performance on a variety of high-speed
flows.!>?8 However, the experience with this scheme has been limited to laminar or eddy viscosity
flows. The contribution of the present work can be found in the extension of the approach to include
the transport equations for the six components of the Reynolds stress tensor and an additional equation
for turbulence dissipation. In the following section the mean equations are given. This is followed by a
discussion of the closure models and the final form of the turbulence equations. We then present the
numerical procedure and our implementation. Sample results are given for the shock tube problem and
Carter’s supersonic laminar boundary layer problem. We also calculated a zero-pressure-gradient
supersonic turbulent boundary layer (TBL) as well as a TBL experiencing the combined effects of an
adverse pressure gradient, bulk compression and concave surface curvature. Excellent results were
observed compared with experimental measurements.

2. GOVERNING EQUATIONS

To obtain the mean flow equations, the Navier-Stokes equations are first Reynolds averaged. We then
apply Favre (mass) averaging in order to get the equations in a relatively simple form. The resulting
equations are shown below, where an ‘overbar’ indicates the mean relative to Reynolds averaging, with
a ‘double prime’ indicating the fluctuation. A ‘tilde’ and a ‘single prime’ are the corresponding
notations for Favre averaging.
Conservation of mass:
% , Opi) _, (1)
ot 6xk
Conservation of momentum:

8pi) | Opiui) _ 0% 9ou

= 2
ot Oxy, Ox; + Oxy, Oxy ’ ( )
where the Favre-averaged Reynolds stress tensor is
Ty = —puju;. (3)
Conservation of energy:
OpE) 0 _ ,_. a ,_ . _ O = = -
or o, WPE+P)] = e (@l —qe) + 5 (o) — P"uy — PE'uy). )
The turbulent energy flux m is defined to be
— — — /.u’,u'
Ed, = C,T'u), + i, + —’5—" (5)
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The mean viscous stress tensor &;; is given by

- Bu; 6u,~ 2 (')uk — aﬂ,‘ 6!71- 2 _ Bﬁk
%= #(ij * 6x,-) 3" B b~ ”(axj * 6x,~> ERr™ % ©

while the mean heat flux is approximated as

gk = —K— =~ —K —. N

The mean pressure is related to the mean density and temperature through the equation of state
p=pRT (8)
and thus

B = (v — )(PE — Yo — Ypilid) = (v — 1)pe. ©)

In these equations p,t,x;,u;, p,T,E,q,C,,u,k,R,e and y denote density, time, ith co-ordinate
direction, ith velocity component, pressure, temperature, total energy, heat flux, specific heat at
constant volume, absolute viscosity, thermal conductivity, gas constant, internal energy and ratio of
specific heat respectively.

The mean equations can be written in a more compact form for clarity:

oq 0GF oGk
Al Ty 10
o om o (10)
where
p
piy
q= | pin (11)
puy
pE
is the vector of conserved variables,
pity pitz pity
pity +p  puyiny pliits
G'=[G' G* G?|=|piin pisita + P pibyits (12)
Pt Pt pusity + p

i (pE+p) i (pE+p) u3(pE + p)

is the tensor of convective terms and

0 0 0
on+tn on2+7T12 013+ T3
Gi=[G] G G|=|6n+ta Gn+1m Bn+in (13)

031+ 131 032+ T2 033+ 133
Gys, 1 Gys,2 Gys,3
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is the tensor of diffusive terms, with

= = = = 7 /) . =i = !
Gys,1 = w1611 + 1012 + usd13 — §1 — p'u) + uje| + ujay, + ujely — pE'u;,

= = s - I 7y e ITp=l] - !
Gys,2 = w1621 + 2032 + u3823 ~ §2 — p''uy + uj03, + w05, + uj05; — pE'w),

— = = = = I 0 ) M - !
Gys,3 = u1G31 + U303 + U333 ~ g3 — p'uj + ujo3, + uy03, + w0y, — pE'Y;.

3. TURBULENCE MODELS

The terms —puju;, oyu/, p"uy, T'v} and wwu; /2 in the mean equations are not known or expressible
in terms of the solution variables. Thus models have to be given to assign values to them or to express
them in terms of the solution variables. The Reynolds/Favre-averaged transport equations are solved

for the Reynolds stress tensor, for which the equations are given by

o, _— 0 ,_.— 0Ty _
5;(/’“5",’-) + a;(ﬂ“k“ﬁu}) =Py +10; - Ei — ey
2 0uf —0p —50p — 06 — 00
Spr ks W Xy oy A 14
+3p A “ Ox; % X; “ Oxy i Oxi’ (14)
where
— Ou; —— Ou; ou'! ou] 2 ou'
Pi = —pl v — + e = U, =p" — 4y p' L _Zpgn ks
v p<u’uk8xk+ujuk Bxk)’ y=p ij+ Ox; 3P Oxg

.
— 1l 1yl 1001 "o 1
Tie = puphiy + (P O + P} 0) — (oju] + ojul),

ou’! ou’!
&j = 0, 5;:;-% Tk 5;

In equation (14), from left to right, we have the time rate of change of the Reynolds stress at a fixed
point, the net convection of Reynolds stress by the mean flow to the fixed point, the local production
(Py) of Reynolds stress, the local pressure—strain (II;), the net diffusive transport (Tju ) of Reynolds
stress to the fixed point, the local dissipation tensor (g;;, solenoidal plus compressible) and the local
pressure—dilatation. The last four terms represent the ‘production’ of Reynolds stress at the fixed point
by the Favre (mass)-averaged velocity. In these equations the time rate of change of the Reynolds
stress, the convective terms and the production terms are closed, whereas II;;, Tjx x, &5, the pressure—
dilatation and the mass-averaged velocity terms are unclosed.

Some of the unclosed terms in these equations are modelled using the variable density extension of
the incompressible models. Such is the case for all terms that do not contain the divergence u; ;, with
the exception of the Favre velocity terms which have no analogy in incompressible flows. Terms with
divergence and the Favre-velocity terms are modelled from compressible turbulence considerations.

The model we have used for the dissipation rate tensor is?’

o
oy = p g uifs +3(1 =)k, 13)

where f; is a function of the turbulent Reynolds number R, = k?/ve and is given by f; = 10/(10 + R,).
This model contracts to 2¢ at the wall, meaning that it has the correct asymptotic behaviour at the
wall.30
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The transport equation we have used for the solenoidal dissipation is based on a variable density
extension of the incompressible model of Hanjalic and Launder:3!

O(pes) a(l—’f‘kss) -_C _s - u; %
ot Oxy, & k H ij
2
O o s
Cab 2+ 5 (c = i 5 ) (16)

where the constants are C, = 0-18, C,, = 1-44, C,, = 1-9. The wall value for &; is (g;),, = 2v(8k'/?/ dy)z.
The model for the pressure—strain correlation IT;; is*?

P
II; = ~C1peby — C, (P,.,- ——k"—a,-,-) I + 112, (17)

~— s 3

slow term
fast term
where
w5

bij="7 -3 (18)

is the anisotropy tensor and ¢* = u,u;, = 2k denotes the trace of the Reynolds stress tensor; & is the
kinetic energy of turbulence. A new model that incorporates the effect of Mach number has been
proposed for the fast term3® but has not been thoroughly tested. We include wall effects in the
pressure—strain by assuming the model of Launder and Shima:34

l
_ w, 1 w,2
my = (1! + 1) 7) (19)
where the slow wall correction term is given by
H};-"l C' + [uku’ P 2(uku i + u nkn,)] (20)

and the fast wall correction term is given by
H?}"Z =C, [Hfmnkn,,,é,-j — H(Mmin; + kankni)] . (21)

The near-wall damping function f is normalized to unity in the fully turbulent region of a turbulent
boundary layer. The quantity y;n; is the normal distance to the wall, with y; representing the Cartesian
wall position vector having a unit normal vector n;. The quantity / represents the turbulent length scale
of the flow, which is estimated to be

1=Fk"?/e.

Launder and Shima* have shown the near-wall damping function fto be

! 0.41 ——k3/2 22
(o) =0 @)
The constants C| and C}, taken from Reference 35, are C| = 0-5 and C} = 0-3.
The transport term Ty consists of three parts, i.e.
Tiwr= Cpk + Epr — Duyx
N~ N~

N’
turbulent diffusion  pressure diffusion  viscous diffusion
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The model for the triple correlation Cyix = pujuu;, is>

o[ () [0Gm)  0044) B
Cijk,k—a—n[—csp z o + o, + a5 (23)

The model coefficient C; = 0-018. We will assume that pressure diffusion effects are included in the
model for the triple correlation, as did Hanjalic and Launder.’! The various other models proposed for
pressure diffusion have not performed significantly better than the one used here.?

The viscous diffusion term is modelled according to Launder and Shima# and is given by

D a au'u' 24
ijk,k = [~ axk ( )

The Favre-averaging procedure introduces the quantity ;;, which does not appear in the
incompressible form of the Reynolds transport equation. Gradient transport is assumed:

;7 pllu;l _ CM k2 QE ‘
! p pecy, Ox;

(25)

The model constant C,, = 0-09 is taken from Reference 37, while the turbulent Schmidt number o}, =
0-7.
The turbulent quantities that need to be closed in the mean energy equation are

I 7/
P Juk F’/
o, P'uy, > .
From the g@non of the transport term in the Reynolds stress transport equation the quantities a';ru",
P uk and #;uu; /2 can be combined to yield

II 1

7 l
O - Pl - i e I
J

ot int 3
2 2
Thus the same models in the Reynolds stress transport equation can be employed for the corresponding
terms in the mean energy equation.

Concerning T"u}, evolution equations can be written®® which introduce three additional transport
equations. For simplicity we use gradient transport as in Reference 37:

G o

Tu, = — (26)

eor Oxi’

where o1 = 0-7 is the turbulent Prandtl number.
Sarkar ef al.* and Zeman*® have suggested that for large Reynolds numbers, ¢ in equation (15)
consists of two parts, i.e.

£ =g + &g, (27)
where ¢, represents the solenoidal dissipation and ¢4 represents the compressible dissipation:
g = Vol o, &4 = QVE’E. (28)

Here d” = u, denotes the fluctuating dilatation and o] = ety , represents the fluctuating vorticity,
where g is the permutation tensor. Models for ¢4 are based on the assumption that the compressible
dissipation is a function of the turbulent Mach number. Zeman’s approach*® assumes the existence of
shock-like structures embedded within the energetic turbulent eddies, while Sarkar et al.3® use low-
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Mach-number asymptotics to obtain a scaling relation. With Sarkar ef al’s model, &g = M?, where
M, = g*/c? is the turbulent Mach number, ¢ = /(yp/p) is the speed of sound and ¢° is twice the
turbulent kinetic energy wju). Zeman’s model is more general, as it incorporates intermittency and
dependence on v, the ratio of specific heats. One form of Zeman’s model is

My — M, \*
& = escd{l — exp {— (—'—a——ﬁ) }},
M

where &g = 0 if Mx < M,,, with M,, =0-2, oy =0-66, c; =0-75 and

2___
M.=” — | M;.
t (Y+1)t

We are experimenting with these two models for &4, although the results presented here were obtained
using that of Sarkar et al.
With the foregoing, the final form of the turbulence equations can be written as

dq,  OGE oDk
%+Ec;:sml+sm2+§f’ (29)

where

M7 7]
P
L
puiu,
vy
pu iz

= Aagd 14
G pusuy,
“add 4f
Pt
pub i’
puzy
L pe&s |

is the vector of unknown stresses,
P S
pujulin,  puyuiiy  puiuyis
o R S
pujusily  pujuyiny  puyunis
I pujuyinn  pujulil; pujusiia
1 2 R T e s S
Grs [Gm G, Grs} - pu’zuéul plﬁé\/uéuz pu’zu’zug
Py PO =
puyuyity  puyusiny  puyuyity
Py PO =
pusuyiy  puyusity  puyuyils

1]

L pesiny Pesiiy pesits |
is the tensor of convective terms,
i Py + Iy — e + 103 T

Pz + 1 — ez + 10
Pi3 + 13 — 13 + 11,
Py + 11y — &0 + 113,
Py + 11 — &3 + 113
P33 + 1133 — 33 + 113

& (P11 + Py + P _ &
PRt
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and
2(511,1 + 82,2+ 013,3) — g_ +u1(011 1+ 8122+ 513,3) — 4} Zz)
Uy (21,1 + 62,2 + 023,3) —1_4?%4-@(611,1 + G122 + G13,3) — ;’;gé
(@31, + 00,2+ 033) — “_'1%“'73(‘711,1 + 81,2+ G133) — 16 %p)?;

— _ — Op _ _ _ — dp
(6211 + G222 + 023,3) — ) 5;1 + (6211 + 02,2 + 623,3) — Uy 5;

i _ —0p op
Uy (31,1 + 0322 + 033,3) — Uy — o +u3(621 |+ 002+ 633) - u3 6y
6 + 1(5311,1 + 3,2 + T33,3) — U

a 3 11,1 32,2 33,3 3 az
L O d

are source vectors and

Wy (G1,1 + 8122 + 013,3) —

~Tiy ~Tia —Tis |
~Tizi Tz T
T ~Tiz —Ths
Di=[D. DI Di]=|-Ton -T2 —T3
~T1 Ty T
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is the tensor of diffusive terms, with

pk (—— Oe Oes 68
Dry,i = C. = <u'1u'1-—s+u By+ = )

pk ( —— O¢ Oes  —— O¢
Dus = €. B8 (i, G sty G-+ iy ).

pk [ —~— Oes —— O —— Ok
D13 = Cs - <u’1u'3 —6—;-1- TATA —3}5-+ TA7A —525 ,

Tnitial conditions and boundary conditions will be discussed under specific sample calculations.

4. NUMERICAL PROCEDURE
Our procedure is a finite volume one in which FVS and FDS are combined, as discussed earlier in this

paper. We start by applying the divergence theorem to equation (10) to obtain

J @dVJrJ FdS:J F, dS, (30)
y Ot s s

where F=Gkn*, F, = Gv*n* and dS is an element of a surface having an outward normal n*.
A cell-centered finite volume is used, where the vector of dependent variables, q or gy, is assumed
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turioce i+ 1/2,§ &

celti,j.k 1 turfece i,j x+1/2

sucrface 3,j-1/2,%
. surface i.j+1/2 .k

surfoce i, j a-1/2

v.i surioce i-1/2,j.k

Figure 1. A typical finite volume cell showing the index notation. The notation (i, j, k) refers to the cell centroid where the
primary variables are solved, while fractional indices such as (i + 1 ,j, k) refer to control volume surfaces

to ‘reside’ at the centroid of the cell. The index convention is shown in Figure 1. If the fluxes F and F,
are assumed constant over each cell surface, the integrals above can be approximated by the implicit
equation

6
Fn+1S z Fn+]S (31)

6
V——+
=1 i=1

The procedure for calculating surface areas and cell volumes is discussed later in the paper. Euler time
integration of equation (31) gives

LA § A g .
= n+ 1 - Fn+
+5 ; (F+1s), = ; s), (32)
where Aq* = q"*! — q".
Beam-Warming*! linearization gives
F'*' = F" + (AAQ)" + O(AA). (32)

In the FDS scheme the exact Jacobian of the Roe matrix is too expensive to compute and
approximated Jacobians have been observed to give poor convergence compared with FVS.!> In the
present work the FVS scheme is used to evaluate the Jacobians in the implicit part (left-hand side) of
the matrix equation (38) (below) for Aq. The Euler flux F" in the residual part (right-hand side) is
computed using the FDS scheme. With FDS via Roe splitting,*? the flux at the surface is evaluated as
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FnEF=F1]k+Ft+l,1,

—3 Z o | Ak | Ry (34)
Here A are the characteristic wave speeds of the Riemann problem and o represents the projection of
Aq onto the eigenvectors of Roe’s approximate Jacobian, obtainable from Aq = Ef o Rg. Ry are the
right eigenvectors of Roe’s matrix. The fluxes Fi; ;4 and F;;; in equation (34) are evaluated using the
conserved variables g, , ;, and ; ; ; respectively. Following Frink,* the sum 3} a|4¢|Ry is written in
terms of five flux jumps AF;, each associated with a distinct eigenvalue lk, of Roe’s matrix.

For the FVS technique

(F)™! = (F%)" + (A*Aq)", (35)
where the plus and minus signs indicate evaluation based on the negative and positive eigenvalues of
matrix A respectively. In terms of the centroid values, surface quantities are approximated e.g. by

(AAQ),, 154 = (ATAQ)]; , + (A™AQ)}, 1,j,k* (36)
The diffusive flux is linearized as
F't!' = F" + O(AY) (37)
and treated explicitly to preserve the upwinding scheme.
Substitution of equations (35)+37) into equation (32) yields the matrix system

(I + % (A iSiv 172,k ® +(A+),'-fj,ksi,j+ 1/2,k ® +(A+);l,j,ksi,j,k+ 1/2®
+ (AT Sio1/2,6 @ HATY S o2,k @ HAT) k1 Si gk 120
+ (A7) aSic 12k @ HAT) WS 12k @ HAT), 4S5 k- 120
+ (A7) 1 aSivr/2 k@ HAT) ) 1Sk ® +(A—)Zj,k+1si,j,k+1/2'])Aqn

6 6
= _% (Z Fs), -3 (F:S),) = —ﬁt R, (38)

=1 I1=1

where ‘e’ indicates that e.g. the term (A7)7, j kSi+1/2,j,k acts on (AQ"),,, ; ;. Furthermore, equation
(38) is a matrix—vector equation, so that each term is a vector after carrying out the multiplications. The
indices i,j, k are used to denote grid points in the local directions i, , k, in which (i, j, k) is the centroid
of a cell and half-indices such as i + 1/2 denote the surface of the cell (see Figure 1). When a scalar,
vector or matrix is subscripted with these indices, we imply that the scalar or each element of the vector
or matrix is to be evaluated at the point or surface indicated by the indices. Note that the symbol S in
equation (38) is a scalar which denotes the area of the surface indicated by the subscripts.

It is impractical to solve equation (38) because the bandwidth of the resulting matrix system is too
large. Many different techniques are used to simplify the task. The most common of these are the
alternating direction implicit (ADI)* method and the lower—upper (LU) decomposition method (to be
discussed Ilater). Jameson ef al. have compared these two methods and observed that (i) LU
decomposition is more advantageous for three-dimensional calculations because only two passes
through the domain are used while the ADI method requires three, (ii} the LU method is
unconditionally stable while the ADI method is unconditionally unstable and (iii) the LU method
converges faster than the ADI method for the same time step. LU decomposition is used in this paper.

In the LU method employed in the present work the coefficient matrix in equation (38) is split into
two factors, one corresponding to all positive eigenvalues (lower block) and the other corresponding to
all negative eigenvalues (upper block). The resulting factored equation is
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(I + (AT kSi+ 172,k @ FAY)] 1St jv /2,6 @ HAT) 481 kv 1120
+ (AN a1z, k@ AT Sk e HAY] o180k - x/z'])
KI+ (A L kSi=1/2,k @ HAT) Sk @ AT, 4Sik-1/20

+ (AT 1 a8+ 172,k @ HAT) 11 4Sjr1/2e 0 HATY k+1si,j,k+1/2'])A‘l"
At

=-5R" (39)

The factorization error is of O(A#?).
The solution to equation (39) is carried out as follows.
Forward sweep

At
(I + (A aSit 172,k @ HAT)  4Sijr172,6® HAT), S0 k+1/20

(A eSio 172,k ® AT kS 1y2k e HAT) 1Si,j,k—1/2']>AW”

At
- -R" (40)

A sparse block lower tridiagonal matrix is solved using forward substitution. Because boundary
conditions are treated explicitly, Aw” is set to zero at the ‘left’ and ‘bottom’ boundaries of the domain.
Backward sweep

At _ _
(I+ (A7) wSi-1/2, 7k @ H(AT)]; 4Sij— 172,k @ +(AT)] Sijk—1/29

+ (AT )1k 172,k @ AT 1 1S 1726 @ AT 1S+ 1/2°])AQ"

= Aw". (41)

A sparse upper tridiagonal matrix is solved using backward substitution. At the ‘right’ and ‘top’
boundaries of the domain, Aq” is set to zero for the same reason given above.
Update solution

= q" +Aq". (42)
For the turbulence the analogous equations to (38) and (40)—(42) are

At
(I + 7[(A:;):j,ksi+l/2,j,k o +(AL)  kSij 12k ® +(AL) kS j k41729
+ (AR -1, kSi— 172,k @ AL 1 S 172,6 @ HAL) S 4 18081720

+ (A jwSi—172,5,k ® (AZ)L, 48— 172, HAR] 1S j kb~ 1720

+ (A 1 aSiv172, k@ AR 14+ 172,k @ (AR k4 150 k+ 1/2‘])A‘l§'s

At(Z(Ens Z[(W Z[ Sl +Sn, vV + Sk, )s%R’,‘s; (43)

6
=1
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forward sweep,
At n n n
(I t (ALY, eSia1y2, ok ® HAD] S j 12,k ® HALL 40 k+1/29
+ (AD -1 wSi— 172,k  HAR) ;21 kS j— 172,k ¢ HADT 4 - ISi,f,k—1/2°])AW§'s

=Sy (@4)

backward sweep,
At _ _
(I + 7[(%)2,—,;(5}— 172,56 ® AL 65— 172,k © AL 1St jk+1/2%

+ (AR 1, jaSit 172,k @ HAL) 1, 60+ 172,6 ® FAL) k4150 k+ 1/2°])Aq'r’s
= Awg; (45)
update solution,

a."' = g + Aq. (46)

4.1. Gradient terms

The diffusive fluxes G, and Dy contain gradient (transport) terms that have to be evaluated on the
surfaces. Since solution variables are located at cell centres, a method must be devised to properly
handle these terms. The procedure used here is based on the work of Vinokur?® in which the gradient
of a scalar is evaluated based on the conservative definition

dp 1 oo .

Oxy, Ty JV* Oxy, v (47)
A superscript asterisk on a variable implies reference to a secondary cell. Thus V* refers to the volume
of a secondary cell whose centroid coincides with the centroid of the surface where the gradient is to be
evaluated. The representation of the secondary cell is shown in Figure 2. In this figure, A1-B1-B3-43—
Al is the top surface of the left main cell, 43-B3-B5-45-43 is the top surface of the right main cell
and A2—-B2-B4-A4-A2 is the top surface of the secondary cell whose centroid is coincident with the
centroid of the connecting surface with edge 43-B3.

Appling the divergence theorem to equation (47) gives

ap 1
— = ds*. 48
6x1¢ V* Js; nk¢ ( )
The integral in equation (48) can be evaluated as
. 99 . . .
4 8_x;:=(¢nks )i+1,j,k+ (PneS )i,j,k+ (¢meS )i+1/2,j+1/2,k

+(@mS" )12, - 1/2,6 T (DS )i 1y, j kw12 + (DS s s k120 (49)

Here the indices i,i + % ,i+ 1, etc. are unique and apply to both primary and secondary cells. Thus,
while 7,i + 1,i + 2, etc. are the centroids of primary cells, they are the surfaces of secondary cells.
Now the ¢s, surface areas and volumes of the secondary cells must be estimated with due regard to
conservation. Since true conservation is required only on the original cells, suitable averages can be
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coiacident controid of connecting
sucface and secoadary cell

Figure 2. Schematic of the secondary cells used for the evaluation of the gradient terms. Here a secondary cell is formed as the
union of the right half of the cell on the left and the left half of the cell on the right

taken for these quantities in the secondary cell. For example, the volume of the secondary cell whose
centroid corresponds to the centroid of the surface (i +1,/, k) is evaluated by

T Vi,j,k+Vi+1,j,k‘ (50)
2
Similarly, the area of the surface i + 1,7, & of the secondary cell is
. Siv1/2,5k +Siv3/2, )k
i+1,5,k = ' : ) : 2= (51)

The value of ¢ at the surface i+ 1,7,k of the secondary cell is obtained from the conserved
variables which already reside there. However, when ¢ is to be evaluated at i+ 1/2,j +%,k, for
example, it is found from*

Dir12 12,k = Hoi e+ Biv1,jerk+Pijkt Pivr k) (52)

When the divergence of a vector is needed, ¢ is replaced by ¢, in the above equations and the dot
product is used. When the term 8¢, /Ox; is to be evaluated in the ith momentum equation, the normal
ny is replaced by the appropriate n,,n,, or n, and ¢ is replaced by ¢,.

4.2. Implementation of boundary conditions

Our implementation of boundary conditions is described briefly in this subsection. The physical
boundaries of the domain coincide with control volume surfaces. Specified (Dirichlet) quantities are
stored at the centroids of surfaces, ready for use in the evaluation of surface terms.

For Neumann conditions on a boundary the normal derivative of the variable is prescribed in the

form

A second-order, one-sided difference method similar to that in Reference 46 is used. This procedure
will be illustrated with Figure 3.
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turfgce s=3
Y

centroid 1=3 of ddjocent cell——Pp@ ~ —

\ surfoce s=2

"

centroid 1=2 of Houndary celr——Pp -

centroid I=10of surface s=t

boundory surface

Figure 3. Schematic of the implementation of Neumann boundary conditions at a physical boundary. Here two cells cross-stream
from the boundary are shown, with centroids located at &, and d; respectively from the boundary surface

A Taylor series expansion of a variable ¢ about the surface centroid, denoted by point / = 1, gives

2 2 2
broz =+ (5) s TG oy, (53)
n/i=1 2
2
¢>1=3=¢1=1+(%£) ds +@2¢i"2—)’—=i3+0(d§). (54)
n/ - 2

Here d; and ds are the ‘near-normal’ distances from the wall to the cell centroids at / = 2 and 3
respectively. These distances are estimated as

Vs
d =, 55
TS+ S, (55)
Vi
dy =2dy + ——, 56
3 T (56)

where V5 is the volume of the boundary cell and V3 is the volume of the cell adjacent to the boundary
cell and having surface 5, in common,; Sy, S; and S; are the areas of the boundary surface of the cell, of
the surface connecting the adjacent cell to the boundary cell and of the opposite surface to the
connecting surface respectively.

From equations (53) and (54) the variables at the centroid of the boundary surface of the boundary
cell can be evaluated as

_ (09/0n), _\(d3d) — dsd3) + d5$, — d3 s
d; - d3 '

1 (57)

5. SAMPLE CALCULATIONS

5.1. Shock tube

The shock tube problem, which is a widely used benchmark, is employed to validate the inviscid
version of our code. In the present work the test is done for the three co-ordinate directions, one at a
time.
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In the initial state a diaphragm located at x; separates a perfect gas into two sections with different
densities and static pressures (Figure 4). To the left of the diaphragm, the driver section, we have
p=1,p=1and u = 0. To the right, the driven section, p = 01, p = 0-125 and u = 0. These initial
conditions were taken from Reference 47. At time ¢ > 0 the diaphragm is broken, allowing a
rarefaction wave to move into the high-pressure region and a shock wave followed by a contact
discontinuity to propagate into the low-pressure region.

The boundary conditions for this problem are as follows. On the left, p = 1,p = 1 and u = 0. At the
right, p = 0-1, p = 0-125 and u = 0.

A uniform mesh consisting of 100 elements, corresponding to an element volume ¥ = 0-01 was
chosen to match that in References 8, 47 and 48. Further, the ratio At/V = 0-4, Sod’s standard*’ for the
comparison studies, and a CFL number of 0-95 were used. Convergence to steady state is obtained in
approximately 2000 time steps.

5.1.1. Results. Figure 5 shows the results of pressure, density and velocity as a function of distance
(x) along the shock tube. Excellent agreement is found in comparison with the results obtained by
Steger and Warming® and Roe.*® as the results lie on the same curves. The superiority of our scheme is
evident when the results here are compared with the various finite difference schemes used by Sod.*’
For example, both the MacCormack and Lax—Wendroff schemes produce oscillations behind the shock
and the transition of the shock occupies about 10 cells. In our scheme the shock occupies roughly three
to five cells with no oscillations. The efficiency of the present method was improved by freezing the
evaluation of the Jacobian matrices every 10 time steps.

Diaphragm
/

e

Driver Section ) Driven Section

NN

Initiat Conditions

Driver Section | Driven Section
o =1 p =125
u=0 u=0
p=1 p=_1

Figure 4. Set-up of the benchmark shock tube problem of Sod*” showing the initial conditions. The boundary conditions at the
left and right of the tube are given in the text
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LEGEND
® = velocity
o = density
0 = pressurej

09
L

velocity, préssure, 1ensity
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0.0
[

y y T
0.00 025 0.50 075 1.00
x—location

Figure 5. Results for the shock tube problem. Our calculations agree perfectly with the best results of Sod,*” as the points from
our calculation and the other results in Reference 47 lie on the same curve. Excellent agreement is also found with the results of
Roe*® and Steger and Warming®

5.1.2. Computing performance. On an IBM RS/6000 Model 530 the speed of computation is
0-00045 s per time step per cell. It should be realized, however, that some of the calculations, which are
three-dimensional, are redundant and a lower CPU time will be expected for a truly one-dimensional
version of our code.

5.2. Carters problem

The numerical solution of laminar supersonic flow over a flate plate was chosen to validate our
programme for the Navier—Stokes equations. Carter’s problem*® consists of a Mach 3 (M, = 3)
shocked flow passing over an infinitely thin plate at zero angle of attack (Figure 6). The problem is
two-dimensional. The Reynolds number Re,, based on the plate length is 1000. The non-dimensional
x-co-ordinate (streamwise) stretches from 0 to 1-4, although the plate occupies only a distance of 1.2
downstream. The non-dimensional y-co-ordinated (cross-stream) stretches from 0 to 0-8. All lengths
are non-dimensionalized by the dimensional length of the plate.

The Sutherland viscosity law is used in the non-dimensional form

4.1745T"3
= - 8
H = 27769T + 1-406 (58)
The boundary conditions are
(i) upstream (x=0,y) p=1, pu; =1, puy = 0, T=1,

pT__ ot

PE=—tr i
Y- 1DMZ 2
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M
Rn =

(i)

(ii) plate

(iv)

Finally, the boundary conditions applied downstream (x = 1-4, y) are found by setting the gradients
of the conserved variables to zero along the surface. That is, the variables at the downstream surface
are extrapolated using the second-order, one-sided gradient procedure presented earlier in this paper.

symmetry condition

top boundary
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=3
1000

-»

Shock

Boundary Layer

0, T=28

U= =

us» = O
912 =92=0

,//,/ /¢////////// //////

Figure 6. Schematic description of the Carter problem. This is a laminar supersonic (M,, = 3) flow on a flat plate

(0<x<02,y=0)

a
0’1220, q2=0, pu2=0, —p—zo,
dy
(0:2<x<1-4,y=0)
pu; = 0, puzz(),gg:o, T=23,
oy
(x, y=0-8)
p=1, pu; =1, puz = 0,
pT pui
E=—"——4+—,
- ME, 2

For all variables, initial conditions are set to the upstream conditions.

Solutions were obtained for two topologically similar meshes, one consisting of 105 elements in the
x-direction and 66 elements in the y-direction. The other mesh (mesh 2) has the same number of
elements in the x-direction but 91 elements in the y-direction (Figure 7). Both meshes have the closest
centroid located at distance of 0-0025 away from the wall. Results for both meshes were
indistinguishable. A non-dimensional time step of 0-001 was used for time-accurate calculations
with both meshes, resulting in a CFL number of 0-8 for both meshes. The equations are marched to

»
7 x

steady state and convergence requires approximately 5000 time steps for both meshes.



Figure 7. Computational grid (mesh 2) for the Carter problem. There are 105 cells streamwise and 91 cells cross-stream
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5.2.1. Results. Comparisons were made between contour maps from our calculations for 7, Mach
number, p and p and those reported from the finite element calculations of Shakib.*’ A more
quantitative comparison is shown in Figure 8 for the computed surface pressure coefficient, defined as

tvent

ceff

Frzzzurs 0

0.8

€

0.0

Moch Number = 3

Reynolds Number - 1,000

—a&—— Coarter

Current. Work

A ‘l Al I T
0.0 0.2 0.4 0.6 0.8 1.0 1.2
x-posttion
Figure 8. Pressure coefficient from our calculations and from Carter’s calculations
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_ PP

Cyp = ————
|4 1 2
fpooul,oo

; (59)

for mesh 2. This figure also contains the value of C, found from Carter’s experiment, which were taken
from Reference 49. Close agreement is evident except in a small region just after the leading edge,
where oscillations are observed in Carter’s results. It seems that the calculations of Carter are in error in
this region, since many studies, exemplified by those of Shakib*® and Brueckner et al.>® using various
procedures have not been able to reproduce these oscillations.

5.2.2. Computing performance. The speed of computation for the Carter problem is 0-0011 s per
time step per cell on the IBM RS/6000 Model 530. If we compare this performance with that for the
shock tube problem, we find that it takes nearly 25% more CPU time when calculating Navier-Stokes
solutions with an explicit treatment of the viscous terms. Again it should be noted here that the code is
running as though calculations were taking place for three dimensions, so the CPU time should be
viewed accordingly.

5.3. Zero-pressure-gradient supersonic turbulent boundary layer

Compressible turbulence in a zero-pressure-gradient boundary layer was one of the problems chosen
to validate our code for the turbulence calculations. We compare our results with the measurements by
Spina and Smits,’! who carried out a fundamental study of this problem, The Reynolds number per
unit length, Re/m is 6.5 x 107 and M, =2-87.

The computational domain extends 0-5 m along x and 0-018 m along y. The dynamic viscosity is
assumed to depend only on temperature and to obey the Sutherland law.??

The boundary conditions for this problem are shown in Figure 9. Downstream (x = 0-5, y) the
normal gradients of the conserved variables are set to zero. Similar conditions are used at the top of the
domain (x,y = 0-018). Initial conditions were obtained by generalizing the procedure of Gerolymos>?
with an initial external turbulence intensity of 0-1%. The mesh used for the results shown in this paper
(Figure 10) consists of 170 cells in the x-direction and 70 non-uniform cells in the y-direction. The
centroid of the first cell along the plate is located at y* ~0-35; the mesh has 25 cells in y* <50, 2
maximum aspect ratio of approximately 2778 for any cell and extends for approximately three
boundary layers in the transverse direction. A time step size of 2 x 10~ s is used for the calculations.
(Note that the Reynolds number is of the order of 107.) The equations are marched in time and
convergence was obtained at approximately 7500 time steps.

J.3.1. Results. First the results at locations x =0-3 and 0-5 m along the plate were compared and
found to be essentially the same. For the purpose of comparison with the experimental measurements
we assume ¢ = ¢ and @ ~ 0. Results are presented for x =0-5 m. These results are non-
dimensionalized to compare them with the experimental results of Spina and Smits.>! The compared
results are shown in Figures 11-13 respectively for the mean velocity, the Mach number and the profile
of log-law velocity u* after van Driest transformation. Excellent agreement between the present work
and experimental measurements is apparent. The broken line in Figure 13 represents the familiar
analytical log-law results.

5.4. Supersonic turbulent flow on a concave wall

As a final demonstration of the potential usefulness of the schemes presented in this paper, we will
discuss the calculation of a supersonic turbulent boundary layer experiencing the combined effects of
an adverse pressure gradient, bulk compression and concave streamline curvature.>>>* These effects
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Figure 9. Model for the supersonic turbulent boundary layer problem of Spina and Smits®' showing the boundary conditions

and the

0-025 m. The total pressure is 6-9 x 10° N m~2

Reynolds number is 6-3 x 10’ m~!. The strong adverse pressure gradient case in which the boundary
layer thickness-to-curvature ratio (6/R.) is 0-1 is calculated. More details of the flow conditions are

available in References 53 and 54.

result from flows over short regions of concave surface curvature. The upstream of the ramp consists of

a Mach 2-87 boundary layer of thickness ¢

Figure 10. Computational grid used for the simulation of the supersonic turbulent boundary layer problem of Spina and Smits.*!
There are 170 uniform cells streamwise and 70 non-uniform cells cross-stream. The largest cell aspect ratio is 2778, which occurs

in cells adjacent to the boundary
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Figure 11. Comparison of the profile of mean velocity #; /Uy, in our calculations and in the measurements of Spina and Smits®!

Sample computed results are contained in Figures 14 and 15, where we show the wall pressure
Pw/Poo and the skin friction Cy respectively as functions of x/d. The experimental measurements from
References 53 and 54 are also shown in these figures. Good agreement is evident.
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Figure 12. Comparison of the profile of mean Mach number M /M, in our calculations and in the measurements of Spina and
Smits®!
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Figure 13. Profile of log-law velocity u* after van Driest transformation for supersonic turbulent boundary layer flow with zero
pressure gradient

5.4.1. Computing performance. The speed of computation of turbulent flows using second
moments is 0-00394 s per time step per cell on the IBM RS/6000 Model 530. When compared with the
performance for Carter’s problem, it takes approximately four times more CPU time for the solution of
turbulent flow calculations using second-moment closures.

200

CURVEF

078 L ) L 1 1 L . [
-60 .40 .20 00 20 40 80 80 10:0
z/é

Figure 14. Wall pressure as a function of x for supersonic turbulent flow over a concave wall. The symbols are experimental
measurements while the full curve represents computed results
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Figure 15. Skin friction as a function of x for supersonic turbulent flow over a concave wall. The symbols are experimental
measurements while the full curve represents computed results

6. CONCLUSIONS

Combining FVS and FDS and treating the viscosity terms explicitly produces very accurate
calculations for both the Euler and the full Navier-Stokes equations. We have extended this baseline
scheme, which is based on laminar or eddy viscosity flows, to include the equations for the six
components of Reynolds stress and an additional equation for turbulence dissipation. Comparisons of
our turbulence calculations with recent experimental measurements of supersonic turbulent boundary
layers by Spina and Smits>! show very good agreement for most of the quantities compared. We also
calculated a supersonic turbulent boundary layer experiencing the combined effects of an adverse
pressure gradient, bulk compression and concave streamline curvature. The agreement with the results
of Degani and Smits>* and Jayaram et al.> is excellent. The speeds of computation (in seconds per
time step per cell) on an IBM RS/6000 Model 530 workstation for the shock tube problem, Carter’s
supersonic laminar boundary layer problem and the supersonic turbulent boundary layer with second-
moment closures are 0-00045, 0-0011 and 0-00394 respectively. However, in all cases the code is
running as if calculations were taking place for a three-dimensional problem, so the CPU times should
be viewed accordingly. Based on the agreement of the computed results with experimental data, it
would seem that the schemes presented in this paper are potentially quite useful.
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